Abstract. We study the Kähler-Ricci flow on Fano manifolds. We show that if the curvature is bounded along the flow and if the manifold is K-polystable and asymptotically Chow semistable, then the flow converges exponentially fast to a Kähler-Einstein metric.
Introduction
The Ricci flow was introduced by Hamilton in [Ha1] and is a way to deform a Riemannian metric by a nonlinear parabolic evolution equation. On a compact complex manifold M if the initial metric is Kähler then the flow will preserve this property, and is thus called the Kähler-Ricci flow. It was first studied by Cao in [Cao] , where he showed that a solution of the normalized flow exists for all positive time, assuming the first Chern class of the manifold is definite and the initial metric lies in the correct class. If the first Chern class is zero or negative the behavior of the flow is perfectly understood [Y1] , [A] , [Cao] , so we will restrict our attention to compact Kähler manifolds with positive first Chern class, that is Fano manifolds. If such a metric exists then it is unique up to the action of Aut 0 ðMÞ, the connected component of the identity of the biholomorphism group of M [BM] . In general there are obstructions to the existence of Kähler-Einstein metrics, and these fall into two categories: obstructions arising from Aut 0 ðMÞ, such as Matsushima's Theorem [Ma] or the Futaki invariant [F] , and obstructions arising from stability. A long-standing conjecture of Yau [Y2] says that a Kähler-Einstein metric should exist precisely when the manifold, polarized by the anticanonical bundle K À1 M , is stable in a suitable algebro-geometric sense. The precise notion of stability involved is called K-polystability, has been introduced by Tian [T3] and refined by Donaldson [D2] . The Yau-Tian-Donaldson's conjecture then states that the exis-Let us comment on the hypotheses of our theorem. The assumption that the curvature remains bounded is certainly very strong, as it basically only allows smooth manifolds as geometric limits at infinity. But there are some cases when we know that it is satisfied: if M is a Fano surface then by [TY] , [T2] , [Ko1] , [WZ] it admits a Kähler-Ricci soliton. If it is also K-polystable then the soliton must be trivial, that is Kähler-Einstein. Then a result of Perelman (see [TZ] ) implies that the flow (1.1) converges smoothly to a Kähler-Einstein metric, so in particular (1.3) holds. On the other hand, if M admits a metric with nonnegative bisectional curvature o 0 then the flow starting from it will also have this property [B] , [Mo] , and Perelman's result that the scalar curvature remains bounded (see [ST] ) implies that (1.3) holds. Of course it would be desirable to have a proof that on Fano surfaces (1.3) holds, without using the existence of Kähler-Einstein metrics.
Let us also remark that according to [RZZ] if n f 3 then (1.3) follows from the weaker bound
Notice that when n ¼ 2 the bound (1.4) always holds thanks to Perelman's scalar curvature bound [ST] .
Another point to notice is that in our theorem we need to assume asymptotic Chow semistability as well as K-polystability. This is not really a problem because Chow semistability is an algebraic GIT notion and so it is in line with Yau's conjecture. Moreover often asymptotic Chow semistability is implied by K-polystability (see [RT] ), especially when M has no nonzero holomorphic vector fields because of [D1] .
Let us say a few words about the strategy of proof of the main theorem. The boundedness of curvature together with some results of Perelman imply that we can take convergent subsequences of the flow as time goes to infinity, and get as limits Kähler-Ricci solitons on Fano manifolds di¤eomorphic to M. The complex structures that we get are in general di¤erent from the original one, but the original one is a su‰ciently small deformation of them. If any of these solitons happens to be Kähler-Einstein then the assumption of K-polystability together with a theorem of Székelyhidi [Sz] imply that the original manifold also admits a Kähler-Einstein metric. Otherwise if all the solitons are nontrivial we show that the Mabuchi energy must be unbounded below along the flow, and in fact it must decrease at least linearly. Then we show that the Mabuchi energy is suitably approximated by a sequence of functionalsL L m , originally defined by Donaldson in [D3] . This approximation result relies on showing that the so-called Tian-Yau-Zelditch-Catlin expansion holds uniformly along the flow, a result that uses (1.3). Finally the assumption of asymptotic Chow semistability is shown to be equivalent to the fact that the functionalsL L m are bounded below for m large, and this contradicts the decay of the Mabuchi energy.
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Notation and basic results
In this section we set up the notation used throughout the paper, and we recall some results about the Kähler-Ricci flow that will be used extensively.
In this paper ðM; JÞ denotes a compact complex manifold of complex dimension n and with positive first Chern class c 1 ðMÞ > 0. We will often drop the reference to the complex structure J. For any Kähler metric o A c 1 ðMÞ we can write it locally as
where g ¼ ðg ij Þ is the Hermitian metric determined by o and J. Here we are using the Einstein summation convention. The volume form associated to o is o n n! , and we will denote by V the volume of M
We will write D o for the Laplacian of g, which acts on a function F as
The Ricci curvature of o is the tensor locally defined by
and we associate to it the Ricci form
It is a closed real ð1; 1Þ-form that represents the cohomology class c 1 ðMÞ A H 2 ðM; ZÞ. The scalar curvature of o is denoted by
To the metric o we can associate its Ricci potential f o , which is the real function defined by
and
The space of Kähler potentials of the metric o is the set of all smooth real functions j such 
where j t is any smooth path of Kähler potentials with j 0 ¼ 0 and j 1 ¼ j (for example one can take j t ¼ tj). It can be written also as
where the functional J o is defined by 
Àm
M Þ of holomorphic sections of the mth plurianticanonical bundle, where m f 1. This is a vector space whose dimension N m can be computed from the Riemann-Roch formula, when m is large
Let us fix h a Hermitian metric along the fibers of K The Tian-Yau-Zelditch-Catlin expansion is the following Theorem 2.1 (Zelditch [Ze] , Catlin [Cat] ). When m is large we have an expansion
where a i ðoÞ are smooth functions defined locally by o, and the expansion is valid in any C k ðoÞ norm. More precisely this means that given any k; N f 1 there is a constant C that depends only on k, N, o such that
for all m f 1.
Moreover Z. Lu [L] has computed that a 1 ðoÞ ¼ R=2. The expansion (2.10) integrates term by term to the Riemann-Roch expansion (2.7). Now we turn to the Kähler-Ricci flow (1.1). The initial metric of the flow is denoted by o and it will be considered as a reference metric. Since o t and o are cohomologous, we can write
where the normalization of the potentials j t will be specified presently. Then (1.1) is equivalent to the following parabolic Monge-Ampère equation
where _ j j t denotes qj t =qt, and j 0 equals the constant
and it is easy to see that this is well defined. The choice of j 0 determines the normalization of j t for t > 0, and is necessary to get convergence of the flow since it is the only choice that ensures that _ j j t is bounded at infinity (see [PSS] , [CT] and (2.13) below). We now state Perelman's estimates for the Kähler-Ricci flow on Fano manifolds, and we refer to the exposition [ST] and to [Pe] for proofs.
Theorem 2.2 (Perelman).
With the above choice of j 0 , there is a constant C that depends only on o such that for all t f 0 we have
:13Þ where R t denotes the scalar curvature of o t . Moreover given any r 0 > 0 there is a constant k > 0 that depends only on r 0 and o such that for all t f 0, all p A M and all 0 < r < r 0 we have
where B t ðp; rÞ is the geodesic ball in the metric o t centered at p of radius r.
Chow semistability
In this section we link Chow semistability to a certain functional on the space of Käh-ler potentials. The results in this section follow from work of Donaldson [D3] and S. Zhang [Zh] .
Let us first recall the definition of K-polystability that we will use, which is a special case of Tian's definition [T3] . A test configuration for ðM; K À1 M Þ is a C Ã -equivariant flat family ðM; LÞ over C such that the generic fiber is isomorphic to ðM; K Àm M Þ for some m > 0. The central fiber ðM 0 ; L 0 Þ inherits a C Ã -action, and we assume that M 0 is a smooth manifold and so
. K-polystability then means that for any test configuration we require the Futaki invariant of the vector field generating the action on M 0 to be nonneg-ative, and equal to zero only when M 0 is biholomorphic to M. There is a more general definition of Donaldson [D2] that allows singular central fibers but in our situation these are excluded by assumption (1.3). In fact in Theorem 1.1 instead of K-polystability we only need to assume that there is no test configuration with smooth central fiber M 0 which has zero Futaki invariant and is not isomorphic to M. Now we recall the definition of asymptotic Chow semistability (we refer the reader to [Wa] We now fix h a metric on K
À1
M with curvature equal to o, and for each m we also fix fS i g a basis of H 0 ðM; K Àm M Þ which is orthonormal with respect to the L 2 inner product defined by h m , o n . Given a matrix t A GLðN m ; CÞ we define the corresponding ''algebraic Kähler potential'' by
This has the following interpretation. We use the sections fS i g to embed M inside and so the function
is a Kähler potential for o. Now if we go back to (3.15) and we choose the norm k Á k suitably (see [PS1] ) then a theorem of Zhang [Zh] (see also [Pa] , [PS1] ) gives that 
We then let
Notice that changing the basis fS i g does not a¤ect c j , which depends only on j and the choice of h. Also c j changes smoothly if j does. We then define the functional
If j t is a smooth path of Kähler potentials then the variation ofL L m can be computed as follows: since c t ¼ c j t is independent of the choice of S i we can pick them so that for a fixed time t we have H ij; t ¼ l 
So we get In the rest of the paper we will only use one implication, but we include the proof of both for completeness. We now observe that from the cocycle formula (2.6) we have
where we have also used the fact that J o j f 0. On the other hand we have
and so by Jensen's inequality
Together with (3.24) this gives
Then the cocycle formula (2.6) gives To show the other implication we assume that (3.30) holds and we let t be any matrix in SLðN m ; CÞ. By (3.18) it is enough to prove that the function
has a uniform lower bound independent of t. By (3.26) we have
and we haveL
so we are reduced to showing that c c t is bounded above independent of t. Notice that in (3.19) if we use the basisS S i ¼ P j t ij S j instead of S i we get a di¤erent matrixH H ij; c t but its log determinant is the same. Using the definitions we have that
so using the arithmetic-geometric mean inequality we get
and since the integral above is just the volume of M in the metric
, this is bounded independent of t. r
The main theorem
In this section we prove Theorem 1.1 by relating the behavior of the functionalsL L m to the Mabuchi energy.
Proof of Theorem 1.1. First of all we use Perelman's estimate (2.14): this together with (1.3), Perelman's diameter bound (2.13) and Theorem 4.7 of [CGT] gives a uniform lower bound for the injectivity radius of ðM; o t Þ independent of t. Then Hamilton's compactness theorem [Ha2] gives that for any sequence t i ! y we can find a subsequence (still denoted t i ), a Kähler structure ðo y ; J y Þ on the di¤erentiable manifold M and di¤eomor-phisms
We will denote by q i (resp. q y ) the q-operators of J i (resp. J y ). An argument of Š ešum-Tian (see [ST] or [PSSW2] , p. 662) shows that ðo y ; J y Þ is a Kähler-Ricci soliton, and so it satisfies
for a smooth function c whose gradient is a J y -holomorphic vector field. Such a function c is only defined up to addition of a constant, but we can choose it by requiring that
Since along the flow we have that
where f t is the Ricci potential of o t , it follows that the functions F Ã i f t i will converge smoothly to c. In fact F Ã i qqf t i ¼ q i q i F Ã i f t i converges smoothly to q y q y c, and the statement follows because of the normalizations we chose. Notice that f t is equal to _ j j t up to a constant.
We let M o ðj t Þ be the Mabuchi energy, normalized so that M o ðj 0 Þ ¼ 0. Recall that the variation of the Mabuchi energy is
while the variation ofL L m was computed in (3.21) to be
For a fixed metric o the Tian-Yau-Zelditch-Catlin expansion (2.10) says that as m ! y we have
Recalling that by Riemann-Roch (2.7) we also have
we get that for a fixed metric o
We claim that this still holds uniformly along the flow.
Proposition 4.1. Given any k, m 0 and e > 0 there exist an m f m 0 and a t 0 > 0 such that for all t f t 0 we have
The proof of this proposition is postponed. As above applying this with k ¼ 2 and m 0 , e to be specified later, we get 1 m n jD t r m ðo t Þj e e m þ jD t R t j 2m ; ð4:32Þ while Riemann-Roch implies that 
From the boundedness of curvature and Shi's estimates [Sh] , it follows that for all t f 0 we have
for a uniform constant C 1 .
Using now the fact that j _ j j t j e C 2 and Riemann-Roch, we get
In particular given any e 1 > 0 we can fix e and m 0 so that
and moreover ðM; K Àm M Þ is Chow semistable for all m f m 0 . Then Proposition 4.1 with the above arguments gives an m f m 0 and a t 0 such that for all t f t 0tL
Integrating this, we get that for all t f t 0 we havẽ
We now claim that either M already admits a Kähler-Einstein metric, or there is a constant g > 0 such thatt M o ðj t Þ e Àg; ð4:36Þ for all t su‰ciently large. In fact, if the above estimate fails, then we can find a sequence of times t i ! y such that
By passing to a subsequence, we may assume that there are di¤eomorphisms
so by (4.37) we see that the Ricci potential c of o y must be constant, and so o y is a Kähler-Einstein metric on J y a complex structure on M of which J is a small deformation. Notice that since o y is Kähler-Einstein its cohomology class is c 1 ðM; J y Þ. Moreover we have that the Chern classes c 1 ðM; J i Þ ! c 1 ðM; J y Þ and since they are integral classes, we must have c 1 ðM; J i Þ ¼ c 1 ðM; J y Þ for all i large. So we can assume that the canonical bundles K M; i are all isomorphic to K M; y as complex line bundles, but with di¤erent holomorphic structures. So ðM; J i ; K Àm M; i Þ is a small deformation of ðM; J y ; K Àm M; y Þ. Then the fact that M is K-polystable together with [Sz] , Theorem 2 shows that M admits a Kähler-Einstein metric. The claim is proved. Now we assume that M does not admit a Kähler-Einstein metric, so that (4.36) holds. We now pick e 1 < g=2, and consequently get an m such that (4.35) holds. But we are also assuming that m is large enough, so that ðM; K Àm M Þ is Chow semistable and so by Proposition 3.1 we have that (3.22) holds. We can integrate (4.36), which holds for all t large, and get 
for all t large, which is absurd. Hence M must admit a Kähler-Einstein metric. Once we know this, results of Perelman-Tian-Zhu [TZ] and Phong-Song-Sturm-Weinkove [PSSW1] imply that the flow converges exponentially fast. In fact, we can avoid the analysis of Perelman-Tian-Zhu in our case: the theorem in [Sz] that we used constructs a Kähler-Einstein metric g KE; i on ðM; J i Þ for i large as a small C y perturbation of a Kähler-Einstein metric g KE; y on ðM; J y Þ (here we use the notation g instead of o to emphasize that we are considering the Riemannian metrics). In particular the Gromov-Hausdor¤ distance of g KE; i to g KE; y goes to zero as i goes to infinity. But the metrics ðF À1 i Þ Ã g KE; i are then Kähler-Einstein on ðM; JÞ and by the Bando-Mabuchi uniqueness theorem [BM] they must be all isometric to a fixed Kähler-Einstein metric g KE on ðM; JÞ. Since their Gromov-Hausdor¤ distance to g KE; y is arbitrarily small, it follows that the Gromov-Hausdor¤ distance between g KE and g KE; y is zero, and so they are isometric. By Matsushima's theorem [Ma] the space of holomorphic vector fields of ðM; JÞ is the complexification of the space of Killing vector fields of g KE , but this is the same as the space of Killing vector fields of g KE; y . It follows that ðM; JÞ and ðM; J y Þ have the same dimension of holomorphic vector fields. By the argument in the proof of [Sz] , Theorem 5, this implies that J must be biholomorphic to J y . So we have shown that there is a sequence of times t i and di¤eomorphisms F i such that the metrics F [PSSW1] shows that the original flow o t converges to a Kähler-Einstein metric exponentially fast. r Proof of Proposition 4.1. If the conclusion is not true, then there are a k, m 0 and e 0 > 0 such that for all m f m 0 and i f 1 there is a t i f i such that
Up to a subsequence, we may assume that t i ! y and that there are di¤eomorphisms
i Ã J F iÃ converge smoothly to some limit o y and J y respectively. We remark that while the complex structures J i are all biholomorphic to each other, they might not be biholomorphic to J y . Notice also that the C k norms involved are invariant under di¤eomorphisms, and that
The Tian-Yau-Zelditch-Catlin expansion applied to o y gives that there exists a uniform constant C such that for all m we have
Moreover since o i converges smoothly to o y , it follows that the C k norms they define are uniformly equivalent, so we will also have We now fix m f m 0 such that C=m e e 0 =4. Since o i converges smoothly to o y , when i is su‰ciently large we will have 1 2 kR i À R y k C k ðo i Þ e e 0 4 :
We now claim that when i is large we will also have 1 m nÀ1 kr m ðo i Þ À r m ðo y Þk C k ðo i Þ e e 0 4 ; which will give a contradiction. In fact we will show that, for m fixed as above, the function r m ðo i Þ converges smoothly to r m ðo y Þ as i goes to infinity. This can be done in several ways, for example using the implicit function theorem, or the L 2 estimates for the q operator. We choose the first way because it is easier, though the second way gives more precise estimates. As remarked earlier we can assume that the canonical bundles K M; i are all isomorphic to K M; y as complex line bundles, but with di¤erent holomorphic structures. Fix h y a metric on K and we can do the same for o i , J i . But since o i and J i converge smoothly to o y and J y , it follows that the Riemann-Roch integrals are equal, and so the dimension of H 0 ðM; K Àm M; y Þ is the same as N m . This means that we have a sequence of elliptic operators, r q i , acting on GðM; K Àm M Þ (more precisely on Sobolev W r; 2 sections of this line bundle with r f n þ k þ 1 to make them C k ) which converge smoothly to r q y (which acts on the same space) and such that the dimension of their kernel is the same as in the limit. Then [Ko2] , Lemma 4.3, which is a simple consequence of the implicit function theorem, ensures that any element in the kernel of r q y can be smoothly deformed to a sequence of elements in the kernel of r q i . r
